Comment on “Volterra Series Synthesis of Nonlinear
Stochastic Tracking Systems™

Abstract

The superiority of the Covariance Analysis Describing Function
Toechnigque (CADET| in comparisen with the Volterra Series
Synthesks appreach for the analysis of nonlinear stochastic
systems Is demonstrated in this note. The advantages of CADET
are graster accuracy and simplicity.

The purpose of this correspondence is (o describe an
alternative analytic technique to that presented by Landau
and Leondes in the above paper [1] which is both simpler
o apply 1o nonlinear systems with random inputs and
more sccurate. The alternative technigue is the covar-
innce analysis describing function technique (CADETTM)!
which is outlined in Gelb [2] and surveyed most recently
in Taylor et al. [3]. In essence, each system nonlinearity
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is quasilinearized, resulting in a coupled, nonlinear set of
differential equations for propagating the second-order
state variable statistics (mean vector m and covariance
matrlx 5) as functions of time, from specified initial con-
ditions mg, Sg. The technique can be readily applied to
state eqguations of any order, with any number of non-
linearities; it has proven to be aboul as accurate as Monte
Carlo analysis using 200 trials, but much more efficient
in terms af computer time expenditure.

To study the accuracy of CADET vis-a-vis the second-
order approximate solution of Landau and Leondes based
on Volterra series expansions (hereafter called the second-
order Volterra solution), a few cases treated in [1] were
analyzed using CADET, and Monte Carlo simulations were
performed to provide a basis for comparison.

In summary, the analysis concerns a second-order non-
lineur model of a radar tracking svstem, shown in Fig_ 1 in
block disgram form, with a receiver characteristic of the
form

fey=e—ke:  k =04deg™?

operating on the tracking error e, The tracking ecror is
subject to random initial conditions which are assumed
to be Gaussian, specified by the second-order statistics
mt, ., 0. Receiver noise n is modeled as a zero-mean
Gaussian white noise process with a power speetral den-
sity of amplitude NV, , added after the receiver character-
istic, The goal of the analysis is to determine tracking
capahility for targets described by a unit step line-of-
sight (LOS) angle rate,

o(r)="Su_ (1

where o is the target LOS angle in an inertial frame and -
denotes the unit step Munction.

Before passing to the “random cases™ of Landau and
Leondes, observe that the “nonrandom case™ Inidally con-
sidered in [1] {no receiver nojse and deterministic tracking
error initial conditions) can be analyzed exactly using
CADET. Thus the CADET solutions for the examples
shown in [1, Figs. 4 through 9] correspond to the curves
labeled **computer solution,” while the second-order
Wolterra solutions are not particularly accurate when a
target with a rapldly varying LOS angle (£ = & deg/s) is
being tracked,

The random cases shown here correspond to |1, Figs.

[0 and 11];to summarize the conditions, meg = 0.4 deg,
e = 01 deg, Ny = 0,004 dt:g:' JHz, and 2 = 4 and & deg/s.
In the d-deps case, depicted in Fig, 2, the 1000-trial Monte
Carlo analysis® demonstrates that the CADET result is

 Associated with cach Monte Cado estimate of m, and op is a
confidence band, indicating the range within which the tnie
statistics lie with probability 0.95; they are based on esti-
mated hipher-order statisties, not chi-square analysis, This
appraach is based on the statistics of the sample mean and
sample variance for peneral distributions given in [41.
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very probably more accurate than the second-order
Volterra serles analysis, although the difference between
the CADET and second-order Volterra series resulls is not
large (4 percent for the mean, 6.6 percent for the standard
dewintion).

The superiority of CADET is more apparent for £ =6

CORRESPONDENCE

degfs, as shown in Fig. 3. The second-order Volterra series
resulis de nof capfure the Instabilisy that results when there
is u significant probability that jej > 0.91 deg,i.e., e lies in
the region where dffde is negative. The CADET analysis
predicts the unstable growth in e quite accurately for the
first part of the simulation; after 0.2 s the process is so
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Fig, 3, Pointing eérror stotistics for £ = 6 deg/s.

TABLE |
highly non-Gaussian that it is difficult to assess the aceu-
pummary of CADEI-Eomtons racy of the results (CADET or 200-trial Monte Carlo)

State space formulation, X = f{x) + w: s without performing many more trials,
tiky e The simplicity of CADET application is demonstrated
fix} = o em in [3], where the differential equations for m and £ for
alfiz, ) - ;1 anit) | the problem considered here are developed as an illustration.
ik These equations, summarized in Table 1, provide a contrast
CADET mean equation, m = f + b: 1o those presented in [1]. For the sake of brevity, the
—km, = n Iatter are not included in this correspondence,

In summary, the advanteges of CADET over the second.
vrder Volterra series approach—aceuracy and simplicity —
are clearly established in the examples shown here. Fur-
ther details on CADET may be found in [2] and [3].
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