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SUMMARY

Recent research in the area of describing function approaches (both
random-input and sinusoidal-input) has laid the foundation for a sysiematic
approach to designing controllers for nonlinear plants. This report provides
an overview of one school of thought in this area, typified by the following
key ideas:

l. Quasilinear models of the nonlinear system that account for the op-
erating range of sysiem wvariables must be more realistic than con-
ventional linear models.

2. A smpged design approach that applies more power to “difficult™
nonlinear plants than to ‘‘easy’” ones is more sensible than a single
design method.

3. The designer should be led to a monlinear controller design if and
only if it is really required.

These points will be developed, illustrated, and justified in this presenta-
tion.
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approach to designing controllers for nonlinear plants. This report provides
an overview of one school of thought in this area, typified by the following
key ideas:

1. Quasilinear models of the nonlinear system that account for the op-
erating range of system variables must be more realistic than con-
ventional linear models.

2. A swged design approgach that applies more power to “‘difficult™
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A SYSTEMATIC NONLINEAR CONTROLLER DESIGN APPROACH
BASED ON QUASILINEAR SYSTEM MODELS*

J.H. Taylor

INTRODUCTION

One of the most vexing problems in control system
design is the gap beiween the elegant methods of
linear control theory and “‘real world control prob-
lems.” A major cause for this gap is that plant non-
linearity is olten severe enough that a standard linear
approach to control system design cannot be made 1o
work satisfactorily without a substantial amount of
cut-and-try modification and “tuning.”” Some help is
available in the resulis of absolute stability thcur}f”'”
and robustness criteria;'" performance considerations
often make these results unusable, however, since the
stability or robustness conditions are generally very
conservative, in the sense that too much performance
has to be sacrificed in order to guarantee stability or
robusiness in the face of nonlinearity. Ovwerall, this
situation is nol a happy state of affairs for most control
design practitioners.

An approach that offers a great deal of promise in
dealing with this problem is quasilinearization or the
describing finciion (DF) technigue. It has not received
a greal deal of atlention in Western literature in recent
years for several reasons: first, most of the original
work in DF theory (refer io Atherton'™ or Gelb and
Vander Velde"' for an overview) dealt with the classi-
cal “single nonlinearity in the feedback path™ prob-
lem which does not provide much help in dealing with
modern real-world problems, Second, most DF ap-
proaches were formulated in the frequency domain,
which has received little attention in the last two de-
cades until quite recently. Finally, DF methods have
been depreciated by many because they are inexact,

The first of these objections has been answered in
the last decade. Both the sinusoidal-input and the
random-input DF methods have been extended so
that they can deal with plants that have any number of
nonlinearities, in any configuration.'™” This generali-
zation includes even systems having multi-input non-
linearitics. The second barrier is also being removed,
as control theorists are coming to recognize that the
frequency domain is a very powerful arena for dealing
with robustness,'” unmodeled dynamics,”® control
system design, """ and other considerations. Finally,
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while the DF method is inherently inexact, there is
growing recognition that DFs have capabilities for the
analysis and design of systems that are simply not
available in any other approach.

The goal of this presentation is to show how one
can use DF methods as a basis for a systematic ap-
proach to designing controllers for nonlingar plants.
We will proceed as follows:

A review of fundamental DF concepts

2. An overview of DF use in control system
design
Two methods for designing linear controllers
A method for designing nonlinear controllers
Analogous concepis using random-input DFs
Summary and conclusions

o

1. FUNDAMENTAL DF CONCEPTS

The basic idea of the describing function (DF) ap-
proach for studying and modeling nonlinear system
behavior is to replace each system nonlinearity with a
{quasillinear term whose *‘gain”™ is a function of
“input amplitude,”” where the form of input signal is
assumed in advance. This technique is dealt with very
thoroughly in a number of texts; " it may be summa-
rized, in the primary context of the proposed methods
for control design for nonlinear plants, as lollows:

The nonlinear plant under consideration is charac-
terized by the general state-variable differential equa-
tion and outpul equation

x=f(x,u), y=h(x,u) (1)

where x is an n-dimensional state vector, u is an m-
dimensional input vector, and vy is a p-dimensional
output vector. We are going to concern ourselves with
the behavior of the plant in the presence of sinusoidal
signals, for reasons that are given below, so we take u
to have the form

ult) = u,+ Rela expljut)] (2)

where u, is a real vector denoting an operating point of
interest, and a is a complex-valued vector designating
the sinusoidal component amplitude and phase in the
standard phasor notation. In accordance with the
usual DF assumption, the state variables are assumed
to be nearly sinusoidal,



x(t) = x.+ Relbexpljwt)] (3)

where b is a complex amplitude vector and x_ is the state
vector cener value (which is not a singularity, or solu-
tion to f(x,, u,) =0, unless the nonlinearities satisfy
certain stringent symmetry conditions with respect to
X, in which case x, and x, are identical). Then we
neglect higher harmonics to make the approximations

F(x, u) = fy(u,, a, X, b)
+ RelA(u,, a, x., b) - bsinwt]
+ RelB(u,, a, x., b) - asinwi] (4)

hix, u) = hy(u,, 2, X, b)
+ RelC(ug, a, x., b) - bsinwt]
+ RelD(u,, a, x., b) - asinwt]

Minimum mean square approximation error is
achieved when the real vectors fy and hg and the ma-
trix set [A, B, C, D} are oblained by taking the first two
terms of the Fourier expansions of the elements of
fix.+ Relbexp(wt)], u,+ Relaexp(jwt)]). This ap-
proach has been illustrated in detail.'*>"'12) The DF
arrays {Iy, hyl and (A, B, C, D} in Eqn. (4) provide the
quasilinear representation of the nonlinear plant in
Egn. (1). Observe that the constant or dc portion of
the model is embodied in i and hy, while the matrices
{A, B, C, D}, which conform to the usual linearized
madel notation, characterize the plant response to
sinusoidal inputs. The two signal components (dc,
first harmonic) are coupled, as the above notation sug-
gests, due to the failure of superposition in nonlinear
svstems. To stress the fact that this model deals with
periodic behavior, we will henceforth refer to this
model as an SIDF (sinusoidal-input DF) model of the
sysiem.

A wide variety of SIDFs have been catalogued. '
In addition, there is another, more direct way to obtain
a DF-like amplitude-sensitive plant model: simula-
tion plus fast fourier transform methods.''” Using
either approach, the designer can obtain the required
SIDF model in a straightforward manner. Thus, we
will not consider the computational aspects of the DF
approach further.

2. USING DF MODELS IN CONTROLLER

DESIGN

Once an SIDF representation of a nonlinear plant
is obtained, it may be used in several ways. The most
traditional SIDF analysis problem is seeking limit cy-
cle conditions."**7'12 A modern algebraic approach
to limit cycle analysis was first fully developed by the
author,'"* and is treated in detail in elsewhere. 1112

Determining the approximate response of a non-
linear plant to sinusoidal inputs follows an approach
similar to that used in limit cycle analysis. Applying

the same conditions of harmonic balance that underlie
limit cycle analysis using the DF approach, *%7 it is
possible to solve for {x., bl determined by {u,, a} using

falug, a,x., b) =0
I_::-(iwl—ﬁd_]Bé [5.‘

These 2n nonlinear algebraic equations (n of which
are complex-valued) can be solved readily using stan-
dard computer routines. In this case, one should be
careful to ensure that A does not have eigenvalues on
or very close to the imaginary axis; otherwise limit cy-
cles may exist in addition to the response to the
sinusoidal input, in contradiction to the assumptions
underlying Eqns. (3 - 5).

The sinusoidal component of the plant response
can then be characterized by the input-amplitude-
dependent matrix “*transfer function™

Gljw; uy, a) =C(jwl-A)"'B+D (6)

where we observe that the SIDF matrices are explicitly
determined by {u,, a}, since {x., b} are eliminated us-
ing Eqn. (5).

This modern algebraic method for ascertaining the
{A, B, C, D] set and *‘frequency response™ [Eqn. (6)]
for a nonlinear plant was proposed in Taylor,"" and
serves as the basis for the controller design technigues
delineated in this report.

Based on the above mathematical development,
we can summarize a number of considerations that
motivate the use of SIDF models rather than conven-
tional linear models as the basis for controller design:

1. SIDF models are amplitude dependent, i.e.,
they account for and realistically characterize
the input/output behavior of a nonlinear ele-
ment or plant over a range of input variation
{(specified by the analyst or designer) rather
than merely for **small”’ (infinitesimal) varia-
tion.

2. SIDF models can deal with discontinuous and
multi-valued nonlinear devices (e.g., relays,
“stiction™ or static friction, relays with hys-
teresis, backlash), while conventional lineari-
zation cannot.

3. The SIDF model for small input variational
ranges approaches the conventional linear
model (provided the nonlinearities are
differentiable and single-valued, so that such a
maodel exisis).

4. The departure of individual SIDF gains from
their small-variation values provides a useful
measure af the relative impact of a particular
nonlinear element under the specified operat-
ing conditions.

5. The variation of the SIDF model (especially,
variation of its eigenvalues, eigenvectors, and



singular values) with respect lo changes in

input amplitude a provides a good measure af

moadel sensitivity. Such a measure is complete-
Iy lacking in conventional linear models.

6. General 5IDF models are not particularly
difficult to obtain, either by  analytic
means'*3 71112 or by simulation combined
with fast Fourier transform techniques.

From point 3, we observe that the SIDF model sub-
sumes the conventional linear model, when the latter
exists, so there need be little concern that the designer
will obtain ‘*strange’ results. The facts that SIDF
models are more realistic, that they allow one to iden-
tify those nonlinear effects that have an impact on
plant behavior l'or a given set of operating conditions,
and that they may be perturbed with respect 1o input
amplitude to determine sensitivity are of major
significance in the control design context. In addition,
the usefifness of general DF methods lies in the sub-
sequent trealment of the resulting quasilinear model
using linear system analysis and design techniques,
which are well established and usually very straight-
forward to apply.

One issue that is generally not a major concern is
the sensitivity of DFs to the exact form of the non-
linearity input signals, here taken to be sinusoidal.
The general concept of the DF can be extended to
treat signals of any amplitude distribution (ef. Gelb
and Vander Velde'""), and the easiest way 1o demon-
strate that signal form sensitivity is not a big issue is to
calculate DFs for a common nonlinearity under a
number of assumed distributions and see how much
variation is obtained in the corresponding DF gain
versus input amplitude plots. An example is shown in
Figure 1, where it can be observed that, for a rather
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Figure 1. DF gain sensitivity to input distribution.

comprehensive set of input amplitude distributions
{gaussian, triangular, uniform, sinusoidal, and bimo-
dal triangular), the gain is not very sensitive: the gains
for a limiter with these input distributions are within
10 to 15 percent of the gain plot for uniformly distrib-
uted inputs, which is about as accurately as the
designer will know any model parameter.

It is necessary, however, to reiterate the standard
caveal regarding the use of DF models for nonlinear
systems: although DF models are more realistic than
those based on conventional linearization in many
cases, it is always possible to find pathological systems
where DF models are not useful. Generally speaking,
these are cases where higher harmonic effects are
dominant (either due 10 high-frequency resonances or
to particularly *‘strong’” nonlinear effects). The use of
simulation as an adjunct to DF methods (o validate as-
sumptions and final system designs is thus always ad-
vised.

The general suggestion that DF models can be
used to advantage in control system design is of long
standing. Standard DF texts'*” treat this approach in
detail, and provide references for its inception. One of
the major reasons why this idea may not have enjoyved
widespread use appears to be the lack of generality of
earlier DF model formulations. In particular, the
standard system configuration was formerly restricted
to plants modeled by a linear scalar transfer function
of n™ order in series with a memaoryless, single-
input/single-output (SI80) nonlinear element. Gen-
eralization of this configuration proved to be a major
barrier, especially in the area of SIDF theory. Until
recently, such extensions were typically very restric-
tive, e.g., nonlinear systems could be comprised of a
series interconnection of alternating linear dynamic
blocks followed by SISO nonlinearities, or of a parallel
network of <linear dynamics plus SISO nonlineari-
ty> paths. The first extension of DF theory into the
general state-space model format of Egn. (1) was in
the realm of random-input DFs (RIDFs; see
Kazakov,""™ Gelb and Warren''®). More will be said
about this approach below. For the case of sinusoidal-
input DFs, Eqgn. (4), early contributions are Taylor'!'®
and Hannebrink, et al.'”

The recent use of SIDF moadels as a basis for con-
troller design in the context of multi-variable systems
has been actively pursued by Gray.""® The approach
developed therein is a major step forward compared
with earlier SIDF methods, in terms of relaxing sys-
tem configuration constraints. This work is based on
the concept of limit cycle avoidance, which does not
address performance issues or any other aspects relat-
ed to the concept of design operating range which is
employed here.



3. LINEAR CONTROLLER DESIGN METHODS

3.1 Single-Range Linear Controller Design

The basic ideas of this lowest-level SIDF-based

controller design approach are as follows:

1. The designer supplies a state space nonlinear
model, as in Egn. (1), and an operating range
{u,, a) in Egn. (2).

2. DF analysis or FFT methods are used 1o ob-
tain the complete state vector amplitudes
{X. b} determined by {u,, a} and the quasilin-
ear model in the form [A,B,C,D} or
G (jor; 1, a).

3. A conventional linear design method is used
to obtain a controller for the SIDF model that
meels desired performance specifications.

4. The performance of the controller is verified
by simulation.

This basic SIDF approach to linear controller design is
discussed in greater detail elsewhere; "' in that paper,
many issues regarding the practical implementation of
this idea and ol SIDF methods in general are treated in
somewhat greater depth.

3.2 Two-Range Linear Controller Design

A linear controller based on a SIDF model for a
single operaling range may not perform adequately for
small signals (small compared with the specified
design range), or it might not perform well lor larger
signals (especially, large signals may cause the closed-
loop system to become unstable). It may still be possi-
ble to obtain a linear controller that will not suffer
these deficiencies. The lollowing procedure should
allow the designer to obtain such a controller with a
minimal amount of trial-and-error;

1. Obtain a second model for “small™ or “*large™
signals, as appropriate to the problem. (A
small-signal model may be a conventional
lingar model if the nonlinearities are
differentiable; otherwise, one may use
another SIDF-based model based on a value &'
that is appropriately small compared with the
original a.) Denote this model G'(jw; u,. a').

2. Fit the two SIDF models with stable rational
matrix factorized representations, ‘%%

3. Proceed with linear controller design using the
simultaneous  stabilization  approach  of
Vidyasagar and Viswanadham'® to obtain a
characterization of all linear controllers thal
will simultaneously place the closed-loop
poles of G and G’ (the poles of a feedback sys-
tem with G or G’ compensated by such a con-
troller} in a desired portion of the s-plane.

4. Use an optimization procedure lo gel the best
linear controller, i.e., the member of the set

found in 3. that most nearly meets the
designer's performance specifications for the
nominal DF-based plant model G (jo; u,, a).

3. Determine if the ‘best’ controller achieves
satisfactory performance. 1 so, accept it; if
not, design a nonlinear controller (see below).

The rationale for this procedure is as follows: the
problems that the designer will most often encounter
in trying to use the single-range SIDF-model-based
method outlined in the beginning of this section will
be that:

1. The operating point of the resulting closed-
loop system will not be stable (generally, there
will thus exist small limit cycles), or

2. Signals somewhat larger in amplitude than the
design range will cause instability.

These problems are most likely to occur when the
nominal-signal SIDF plant model is substantially
different from that obtained for smaller or larger sig-
nals. The new approach outlined above will force the
designer to restrict himself to the class of linear con-
trollers that will deal with that problem. The controller
design is completed by getting as close as possible to
the desired performance for the nominal operating
range; if this fails to achieve satisfactory behavior,
then the designer will be forced to resort to Inverse
DF Synthesis (see below) of a nonlinear controller.

4. DESIGNING NONLINEAR CONTROLLERS

The two methods outlined above should provide
the designer with the tools required to arrive at an ac-
ceptable linear controller design in many situations
where the plant is not extremely nonlinear. If the
plant nonlinear. effects are less benign, however, even
simultaneous stabilization based on two SIDF models
may not produce adequate results. The following ap-
proach, which we will call the Inverse DF Synthesis
Merhod, should prove to be effective in many such sit-
uations.

1. Choose a number of design ranges as defined by
lug, a} in Egn. (2) (at least three ranges are
needed, e.g., small, medium, large), and ob-
tain a SIDF model for each.

2. Select a fixed controller confipuration (e.g.,
PID, lag, lag-lead, etc.).

3. Design a controller of the selected type for
each SIDF mode! (controllers must have a
common configuration; some or all controller
parameters will differ for different design
ranges).

4, Interpret the varying controller parameters as
describing functions for controller nonlineari-
ties; invert the SIDFs (o obtain the
corrgsponding nonlinear element.



An illustration of this approach is provided in Fig-
ure 2: in part (a), the common PID controller gains
are plotted as functions of the appropriate controller
signal amplitude (e, integral of e, or derivative of e).
One can see that the “‘gain patterns” make the choice
ol a corresponding nonlinearity readily apparent, as
shown. By fitting the corresponding SIDF to each gain
pattern, the nonlinear controller in part (b) is easily
ottained. OF course, there are many nonlinear charac-
teristics that will yield a given pattern; the designer is
free to choose any one of these according to its ease of
implementation, orany other consideration.
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Figurel. Illustration of the inverse DF synthesis
method,

There are several ways one might carry out the
SIDF inversion process needed for the last step. Ifthe
number of ranges considered is small (e.g., three),
then the number of possible gain patterns is small.
For three ranges there are four patlerns: monotonical-
ly decreasing (K1), monotonically increasing (K3),
concave up (K2), and concave down. One would only
require a “catalog’ of four nonlinearity types, and a
perfect gain/SIDF fit can be achieved. If more ranges
must be considered, then the use of a general piece-
wise linear characteristic, Figure 3, can be recom-
mended, where the number of segments, slopes, and
breakpoints can be selected to fit any gain patiern.

The basic idea that underlies this procedure is that
the original linear controller designs that are to be
coalesced into the final nonlinear controller by SIDF
inversion must be based on the same basic perfor-
mance objectives or design specifications. The non-
linear closed-loop system obtained by this approach
will then be “*nearly uniform™ in terms of the perfor-
mance measures used in designing the controllers for
the set of signal ranges (e.g., small, medium, large).
If it is not possible to design for a common
specification for the set of SIDF models under con-
sideration, then the designer must trv another control-
ler configuration: otherwise the Inverse SIDF Syn-

-

Figure 3. A general piecewise-linear nonlinearity.

thesis step does not make sense and will prabably not
succeed.

The justification for this third design technigue is
simply that a nonlinear controller is much more likely
to provide the desired performance over a wide range
of operation than a linear one if the basic input/output
behavior of the plant (as characterized by the various
SIDF models) differs substantially, This new ap-
proach 1o nonlinear controller design is completely
systematic; the designer is not tryving to directly cancel
nonlinearities, which is at best a questionable practice,
and often not possible or practical.

It is the author’s opinion that this method prom-
ises to be a major breakthrough in terms of being able
to deal with difficult nonlinear problems. It is always
to be recognized that no single approach or set of ap-
proaches will handle every conceivable situation —but
the above three-stage attack should prove to be quite
powerful,

5. ANALOGOUS IDEAS FOR RANDOM-INPUT

DFs

The use of RIDF models derived from the general
state-space plant formulation, Egn. (1), as a basis for
control system design has been suggested by Rajarao
and Mahalanabis'?"" and Hedrick."?? Such an ap-
proach is especially appropriate in the context of non-
linear stochastic systems, as the resulting RIDF model
can be used directly as the basis for an LQG (linear-
quadratic-gaussian) controller design. There are
several issues that would appear to explain the lack of
common use of this statistical linearization approach,
particularly in industrial applications:

1. It is not widely known that RIDF models are

readily obtainable for general system



configurations (cf. Taylor etal.' for an over-
view of applicable RIDF results for non-SI150
nonlinear elements).

2. It is not possible to deal with multi-valued
nonlinear effects (hysieresis, backlash) in a
meaningful manner (cf. Fieguth and Ather-
ll]l'lu:”J.

3. Many designers are not familiar with the sto-
chastic control problem, and work more easily
in the frequency domain.

4. It is not possible to use RIDF models to inves-
ligate possible limit cycle conditions, while the
SIDF approach is powerful in this arena.'”
The occurrence of limit cycle behavior is a
very common cause of “‘unsatisfactory perfor-
mance.”’

The use of SIDFs is thus a more natural and powerful
approach, in light of the above points,

It is also worth mentioning that the RIDF plant
model is not as informative as the SIDF one in lerms
of capturing the frequency dependence of the system
nonlinear effects. This issue is more subtle than those
listed above, but potentially more important. The
difference here is that the RIDF model is the result of
one quasilinearization procedure, carried out over the
band of lrequencies defined to exist in the system,
while the SIDF model is obtained by quasilinearizing
at a mumber of frequencies. This difference is best il-
lustrated by the observation that a saturation element
may be very important at low frequencies, bul unim-
portant at higher frequencies if’ the preceding dynam-
ics are low pass; the SIDF model will contain that in-
formation. The RIDF model, on the other hand, will
have only one DF gain value for that nonlinearity that
will capture its “‘average effect” in some statistical
sense. It is clear that the SIDF model will be more
realistic in this regard.

It is worth pointing out that the SIDF-based design
approaches outlined in previous sections can be car-
ried over to the RIDF technique in a very direct
manner. In particular:

1. The single-range DF model as a basis for

linear controller design is already known, '#1:22)

2. The concept of using simultaneous stabiliza-
tion'™ on RIDF models {or two operating
ranges carries over directly. Two {A, B, C, D}
sets may be obtained for different input spec-
tral density values, then these RIDF models
can be converted into frequency domain
models, and simultancous stabilization (or
designing a controller to place the closed-loop
system poles in a desired region of the
s-plane) can be carried out as outlined above.

3. The multi-range approach, wherein the
designer obtains DF models for three or more
operating ranges, designs linear controllers of
the same configuration and with the same
design objectives, then uses DF inversion to
coalesce the linear designs into a single non-
linear controller, also presents no conceptual
difficulty.

Applyving these ideas would be a waluable research
effort.

SUMMARY AND CONCLUSIONS

The modern algebraic formulation of the
sinusoidal-input  describing function method for
modeling and analvzing nonlinear systems brings this
approach to such a state of power, generality, and ana-
Iytic simplicity that it should come to play a major role
in nonlinear systems design. The design approaches
outlined in this report should provide a good frame-
work for such a development.
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