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Abstract

We present a new method for the synthesis of fuzzy-
logic controllers (flcs) for amplitude-sensitive nonlin-
ear plants based on sinusoidal-input describing-function
(sidf) methods plus step-response optimization. This
technique exploits the fact that two traditional classes
of flcs are, in functional terms, of the proportional-
plus-derivative (pd) and proportional-plus-integral (pi)
types. This method involves a two-step process wherein
an initial controller is obtained via the direct generation
of the membership functions and output levels based on
the “frequency response” of the nonlinear plant in the
describing-function sense (G(jω, a) where a is the sinu-
soidal input amplitude), then the flc is perfected via
optimization of the step responses for a specified set of
input amplitudes. The resulting fuzzy-logic controller
obtained in this paper includes derivative action in an
inner-loop feedback path (nonlinear rate feedback) and
nonlinear pi compensation in the forward path; the per-
formance of the closed-loop system is, by design, quite
insensitive to reference-input amplitude.

An illustration of the method and its effectiveness is pro-
vided, based on a prototypical position control problem
where a servo motor plus mechanical load are charac-
terized by torque saturation and nonlinear friction (stic-
tion). We emphasize, however, that this approach is
capable of treating nonlinear systems of a very general
nature, with no restrictions as to system order, number
of nonlinearities, configuration, or nonlinearity type.

1 INTRODUCTION

A previous paper presented preliminary research in
the development of fuzzy-logic controller system de-
sign techniques based on combining a sinusoidal-input
describing-function (sidf) approach with fuzzy logic
methodologies to create a direct fuzzy-logic controller
synthesis procedure [1]. The background for this ongo-
ing work is overviewed by focussing on these two fun-

damental foundations, namely sidf methods and fuzzy
control.

1.1 SIDF Methods

The sidf basis of this work has been established pre-
viously: Taylor [2] outlined the motivation for using a
modern1 sidf approach for control system design and
established a systematic plan of attack, and both Tay-
lor and Strobel [5, 6] and Taylor and O’Donnell [7] pre-
sented several implementations of these concepts. More
specifically, this modern sidf approach was first ap-
plied in [5], where a linear pid (proportional-integral-
derivative) compensator in series with a single static
nonlinearity was designed, and it was subsequently ex-
tended to the design of a fully nonlinear pid compen-
sator, i.e., a pid controller with a nonlinearity in each
of the three channels [6]. Then the extension to inde-
pendent rate-feedback and pi forward-path compensa-
tion was realized [7], and finally the use of the sidf ap-
proach for control of nonlinear electro-mechanical sys-
tems with flexible members was accomplished [8], by
combining an sidf-based inner-loop controller (to take
care of drive-train nonlinearities) with an outer-loop lin-
ear controller (to deal with the flexible modes). In every
case, it was shown that the resulting nonlinear control
scheme is capable of reducing amplitude sensitivity and
even correcting instabilities in nonlinear control systems
without unnecessarily sacrificing performance.

All of these techniques use a set of sidf models of the
nonlinear plant as the basis for nonlinear compensator
synthesis. sidf models are used because they provide an
excellent characterization of the major nonlinear effect
with which we are concerned: the sensitivity of the non-
linear plant’s input/output (i/o) behavior to the ampli-
tude of the input signal; this issue has been discussed

1“Modern” refers to an algebraic approach [3, 4] that per-
mits one to deal with a broad class of nonlinear systems wherein
the configuration and type and number of nonlinearities are not
constrained.



in detail in [2, 5, 9, 10]. In summary, given an input in
the form u(t) = a cos(ωt) the i/o model is of the form

y(t) = Re[G(jω, a)aejωt]

where higher harmonics are neglected in this represen-
tation of the plant output y(t). Generally we consider
a set of sidf models; corresponding to an amplitude set
{ai} these are denoted {G(jω, ai)} = {Gi}.

Once a set of sidf plant models is available, the synthe-
sis of a nonlinear controller proceeds as follows: first, a
linear compensator set is designed based on these mod-
els, with the objective of making the overall open-loop
control system as insensitive to input amplitude as pos-
sible for a set of error signal amplitudes {ei}. This yields
a parametrized set of compensators {Ci(ei)}, where the
configuration of each compensator is the same (e.g., pid)
but the parameters differ (e.g., {KP,i(ei)} etc.). Final
synthesis of the nonlinear control system is then accom-
plished by sidf inversion to determine the required com-
pensator nonlinearities.

The particular approach presented here involves the de-
sign of fuzzy-logic rulebases that, in effect, realize a
nonlinear rate-feedback inner-loop compensator plus a
nonlinear pi compensator placed in cascade with the
rate-feedback-compensated plant; hereafter this is re-
ferred to as a pi+rf (proportional, integral plus rate-
feedback) fuzzy-logic controller. The unique aspect of
this new method is that it leads to the direct synthesis of
a preliminary fuzzy-logic controller that produces a rea-
sonably amplitude-insensitive performance in the same
general way as in past sidf-based approaches that led
to conventional nonlinear controllers.

1.2 Fuzzy Control

Fuzzy-logic-based or fuzzy control has a long record
of development and application. This is described
well in Tong [11], Sugeno [12] and Berenji [13]. For
the purposes of this presentation, we merely point out
the well-established connection between one standard
form of fuzzy control – where the decision variables
are “error” and “error-rate-of-change” – and propor-
tional plus derivative (pd) control [11]. In many applica-
tions, this idea is implemented by using operator heuris-
tics to describe what the linguistic variables “large-
negative”, “small-negative”, “zero”, “small-positive”,
“large-positive” mean in terms of membership functions
for error and error-rate-of-change, and then to describe
the appropriate control action to take (level of plant in-
put to apply) under various circumstances, e.g., “if er-
ror is large-negative and error rate is small-positive then
control is small-positive”. Of course, the details such as
the number of linguistic variables etc. vary from appli-
cation to application; however, this general idea is the

basis for an important class of fuzzy-logic controllers. A
second type of fuzzy-logic controller corresponds in the
same analogous way with pi control.

As mentioned, in many applications the set of fuzzy
rules is based on operator heuristics. In other cases, the
control engineer may be the source of this knowledge.
While these approaches have proven to be effective in
numerous applications, there are many circumstances
where the fuzzy logic rulebases are difficult or impossi-
ble to generate in this fashion. In these cases, a model-
based approach for generating the set of fuzzy rules may
be more appropriate. Situations where the system dy-
namics are too fast for a human operator to be able to
cope and too nonlinear for the engineer to write a rule-
base by intuition would seem to be two cases in point,
and electromechanical systems with nonlinear friction
would be a prime example.

1.3 Paper Overview

The remainder of this paper describes the steps involved
in this new fuzzy-logic controller synthesis approach and
its application to a motor + load model with satura-
tion and stiction. Specifically, Section 2 outlines the ap-
proach, including (i) sidf modeling, (ii) the generation
of “amplitude-sensitive proportional, integral and rate-
feedback gains” needed to control the nonlinear plant,
(iii) the conversion of this model-based information into
fuzzy-logic rulebases, and (iv) refinement of this pre-
liminary design by step-response optimization. Section
3 presents the application of this approach to an elec-
tromechanical systems with nonlinear friction, and Sec-
tion 4 provides a summary and conclusions of this work
along with suggestions for future research.

2 NONLINEAR PI+RF DESIGN

First, it is important to state the premises of the sidf
design approaches that we have been developing:

1. The nonlinear system design problem being ad-
dressed is the synthesis of controllers that are effec-
tive for plants having frequency-domain i/o mod-
els that are sensitive to input amplitude (e.g., for
plants that behave very differently for “small”,
“medium” and “large” input signals).

2. The primary objective of nonlinear compensator
design is to arrive at a closed-loop system that is
as insensitive to input amplitude as possible.

This encompasses a limited but important set of prob-
lems, for which gain-scheduled compensators cannot be
used (gain-scheduled compensators can handle plants
whose behavior differs at different operating points but
not amplitude-dependent plants) and for which other
approaches (e.g., variable structure systems, model-
reference adaptive control, global linearization) do not



apply because their objectives are different (e.g., their
objectives deal with asymptotic solution properties
rather than transient behavior, or they deal with the
behavior of transformed variables rather than physical
variables).

An outline of the synthesis algorithm for the nonlinear
pi+rf fuzzy-logic controller is as follows:

1. Select a set of input amplitudes and frequencies
that characterizes the behavior of the plant in the
operating regimes of interest.

2. Generate sidf models of the plant corresponding
to the input amplitudes and frequencies of interest.

3. Design amplitude-dependent rate-feedback gains
using the extended D’Azzo and Houpis algorithm
[14] (see below).

4. Convert this design into a fuzzy-logic rulebase.
5. Find sidf models for the nonlinear plant plus non-

linear rate-feedback compensation (rf fuzzy-logic
controller).

6. Design pi compensator gains using the technique
described in [7].

7. Convert this design into a fuzzy-logic rulebase (pi
fuzzy-logic controller).

8. Develop a simulation model of the plant with
pi+rf fuzzy-logic controller.

9. Optimize and validate the design through step-
response simulation.

Only items 3, 4, 6, 7 and 9 above are discussed in much
detail. The selection of the input amplitudes and fre-
quencies for sidf generation (items 1 and 5) and the
use of modeling and simulation to validate the design
(items 8, 9) depend on the familiarity of the designer
with the system in question. The actual generation of
sidf models (items 2 and 5) is discussed briefly below;
see [15, 16] for more details. Generating amplitude-
dependent gains (items 3 and 6) is done as in [7].

2.1 SIDF Modeling

The generation of sinusoidal-input describing function
models that provide an amplitude-dependent i/o char-
acterization for a nonlinear plant has been dealt with
in detail in [5, 15, 16]. There are two basic approaches:
solving the nonlinear algebraic equations derived from
the principle of harmonic balance, and simulation cou-
pled with Fourier analysis.

The first method is not easy to apply, especially if it
is desired to develop a general package that substitutes
the appropriate sidfs into the nonlinear algebraic equa-
tions and solves them. Also, it is assumed that the input
to each nonlinearity is approximately sinusoidal [9, 10],
which may leave the analysis open to question. How-
ever, there is an advantage to this approach: the sidf

model is obtained in a form that lends itself to further
analysis such as predicting the existence of limit cycles.

The second technique is easier to implement, given
a good package for integrating nonlinear differential
equations, and it avoids the controversial assumption
that the inputs to every nonlinearity are nearly si-
nusoidal. The only qualification is that a frequency-
domain amplitude-dependent i/o model must provide
a good representation of the behavior of a nonlinear
plant for control system design; that issue has been dis-
cussed in [2, 5]. In our opinion, while sidf models are
not exact, a set of sidf models covering the range of
input amplitudes that will be encountered provides an
excellent basis for “robust design”, in the sense that
the sensitivity of a nonlinear plant’s behavior to input
amplitude is one of the most important issues in robust-
ness, and the sidf i/o model is the least conservative
model that accurately accounts for this factor.

A matlab-based tool has been developed to perform
sidf i/o model generation for nonlinear system models.
The basic idea is to drive the nonlinear plant with a sinu-
soid of the desired amplitude for a number of frequencies
of interest, and evaluate Fourier integrals as the simula-
tion proceeds. The Fourier integrals are appended to the
nonlinear system differential equation set, and they are
integrated simultaneously. The simulation for a given
frequency is sampled after each cycle and stopped when
the Fourier integrals have converged; then the i/o model
is evaluated, as described in Taylor [15]. Hereafter, we
use the shorthand notation Gi = G(jω; ai) to designate
the sidf i/o model generated by driving a nonlinear
system with the input u(t) = ai cos(ωt).

2.2 Generating Rate-feedback Gains

The general objective when designing the inner-loop
rate-feedback controller is to give the same benefits ex-
pected in the linear case, namely stabilizing and damp-
ing the system, if necessary, and reducing the sensitivity
of the system to disturbances and plant nonlinearities
(see Thaler [17]). To accomplish this, we design a non-
linearity to be incorporated in the controller that de-
sensitizes the inner-loop as much as possible to different
input amplitudes.

Taylor and O’Donnell [7] achieved this result by ex-
tending a method from D’Azzo and Houpis [14], based
on inverse Nyquist plots of the plant i/o model. This
inner-loop rate feedback design algorithm (referred to
as Case 2 [14]) uses a construction amenable to exten-
sion to nonlinear systems. For linear systems, this al-
gorithm generates fixed rate-feedback and forward-path
gains that adjust the inverse Nyquist plot to be tan-
gent to a given M-Circle at a selected frequency. The
algorithm is extended to the nonlinear case by applying



it to each sidf frequency-response model Gi. Then for
each input amplitude a rate-feedback or “tachometer”
gain, KT,i, and external (to the inner loop) gain KE,i is
found. The KE,i values are discarded, since the exter-
nal gain will be subsumed in the cascade pi compensator
that is synthesized in the next step.

2.3 Generating PI Controller Gains

Referring back to the design strategy outlined above,
another major step in the complete controller design is
generating the nonlinear cascade pi compensator gains.
The general idea is to first generate sidfs for the non-
linear plant (which, at this stage, is actually the nonlin-
ear plant with nonlinear rate feedback) over the range
of input amplitudes and frequencies of interest, de-
noted Grf (jω, ai). This information plus a “frequency-
domain open-loop objective function” C?G?

rf (jω) forms
a frequency-response map as a function of both in-
put amplitude and frequency. The approach of [7] is
then used to generate the gains KP,i(ai) and KI,i(ai)
such that the overall open-loop frequency response fits
C?G?

rf (jω) as closely as possible for each ai, thereby
rendering it insensitive to input amplitude.

2.4 Conversion of Controller Gains into

Fuzzy Rulebases

The set of desired rate-feedback gains KT,i(ai) and
pi compensator gains KP,i(ai), KI,i(ai) are then used
to synthesize the rate-feedback and pi fuzzy-logic con-
trollers. As first described in [2], this gain/amplitude
data is interpreted as sidf information for unknown
static nonlinearities. Since simple fuzzy-logic functions
define a class of static nonlinearities, the same approach
can be used here. A least-squares routine is used to
adjust the parameters of a fuzzy-logic function so that
the sidf of that nonlinearity fits this gain/amplitude
data with minimum mean square error; this generates
the desired fuzzy-logic controller. While the concept is
identical to [5, 6, 15], the fuzzy-logic function used in
this study is of greater generality and interest.

2.5 Optimization of FLC Step Response

The procedure outlined above provides the initial flc
design to be optimized. It should be emphasized that
the availability of this preliminary design which already
closely achieves the objective of reduced sensitivity to
input amplitude is critical to the success of the opti-
mization step – without this starting point, there is little
hope that optimization by itself could achieve a viable
design.

Even with a good first-cut design, it is important to
pose the optimization problem correctly to achieve the

desired result and a solvable problem. First, the ob-
jective function Φ is expressed in terms of the desired
insensitive step response h∗(t) as:

Φ =

I∑

i=1

K∑

k=1

wk(h(tk; ai) − h∗(tk))2 (1)

where h(tk; ai) denotes the step response of the control
system to a step of amplitude ai at the integration times
tk, and wk are weighting factors to, for example, per-
mit trade-off between features of the transient response
(e.g., overshoot) and those of the steady-state solution
(e.g., the amount of offset).

The amplitudes ai, i = 1, 2, . . . I may be selected to be
the same as in the sidf design stage, or they may differ;
it is important, however, that they be roughly consis-
tent. We found in the application presented below that
weights had to be higher after the initial transient, to
alleviate the effect of “sticking”; in general, the selection
of these weights will be application and scenario specific.
Most importantly, the desired insensitive step response
h∗(t) must be achievable by the controlled plant. We
have adopted several strategies for defining it appropri-
ately in the example below: (i) select the most desirable
step response achieved by the first-cut flc (ii) set h∗(t)
equal to the average of the set of step responses achieved
by the first-cut controller.

Finally, we investigated a multi-step optimization pro-
cess, in which the desired insensitive step response
h∗(t) was iterated with each optimization run using the
avarage of the set of step responses achieved by the pre-
ceeding run.

3 DESIGN EXAMPLE

A fuzzy-logic controller is designed for the same motor
+ load model used in [1, 6, 7]. This model uses a sub-
stantial gain reduction to represent motor saturation,
and a standard stiction nonlinearity. Following the gen-
eral algorithm presented above, we first select the input
amplitudes as before. Then steps 2 through 7 proceed
as in [1], namely, performing a sidf analysis of the mo-
tor, synthesizing the nonlinear inner-loop rate-feedback
and pi compensators, and using this information to syn-
thesize nonlinear flc rulebases.

Step 7 in the preliminary flc design involves tak-
ing gain/amplitude information and generating the flc
rulebases. This is illustrated for the proportional part
of the fuzzy pi controller as follows: First, the rule
was taken to have eight membership functions, pz, nz
(“positive-zero, negative-zero”), ps, ns (“positive-small,
negative-small”), pm, nm (“positive-medium, negative-
medium”) and pb, nb (“positive-big, negative-big”).



The membership function “corners” and output lev-
els were taken to be adjustable parameters defining the
“fuzzy proportional nonlinearity” fFL,P ; they were de-
termined by sidf inversion, i.e., adjusting them to min-
imize the fitting error between the sidf of fFL,P and
the gain/amplitude data; this resulted in the member-
ship functions and nonlinear behavior depicted in Fig. 1.
Note that the five-segment piece-wise-linear function ex-
hibits very high gain for small signals, moderately low
gain in the middle range, then a somewhat higher gain;
ultimately the function saturates.
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Figure 1: fFL,P and Membership Functions

The final stage of the design was optimization to im-
prove the time-domain performance of the resulting
closed-loop system. First, we show some previous re-
sults to serve as a reference for the efficacy of the op-
timization process. Two cases were studied [1]: The
nominal linear pid used in generating the “frequency-
domain objective function”, and a nonlinear flc, used
here as the first-cut controller. The resulting time his-
tories, with input amplitudes ranging from a1 = 0.20 to
a8 = 10.2 in both cases, are shown in Fig. 2. Compar-
ing these two sets of time histories, it is evident that
the linear pid yields rather poor performance – at small
and large input amplitudes stiction and integral windup,
respectively, tend to spoil the transient response. The
preliminary nonlinear flc, on the other hand, has pro-
duced a set of step responses that is remarkably less
sensitive to input amplitude. (The performance of the
flc is slightly different from that shown in [7], although
the nonlinear controller is functionally very similar, due
to the fact that we are using a better numerical integra-
tion method [18] which accurately and effectively man-
ages the discontinuous behavior caused by stiction.)

The performance of an optimized flc is depicted in
Fig. 3. A single-run optimization using the average of
the normalized step responses of the preliminary flc
for the desired h∗(t) (dashed line, bottom plot of Fig.
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Figure 2: Linear and Nonlinear flc Step Responses

2) resulted in the step-response set shown in this figure.
We note that optimization resulted in a substantial im-
provement in the insensitivity of the normalized step
responses compared with the first-cut flc.
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Figure 3: Linear and Nonlinear flc Step Responses

4 SUMMARY AND CONCLUSIONS

The method outlined in Section 2 and applied in Sec-
tion 3 is a second-generation realization of the basic
concept of using sidf i/o models as the basis for nonlin-
ear compensator design proposed in [2] and developed



for the synthesis of several specific controller configu-
rations [5] – [8]. One contribution of this paper is to
extend these ideas to fill an important gap in fuzzy con-
trol, namely, the generation of flcs for plants that are
too fast and/or too complicated for heuristic methods
to be effective. The novel feature in this approach is
the addition of optimization to further improve the flc
performance insensitivity. We emphasize our convic-
tion that one must have a preliminary flc that gives
nearly the desired behavior before optimization is fea-
sible – that important role is played by use of the sidf
method. Based on the example shown in Section 3, we
feel that this technique shows good promise in dealing
with one of the more difficult problems in nonlinear sys-
tems design: the design of controllers to accommodate
the amplitude-dependence of nonlinear plants.

This approach is capable of treating general nonlinear
plants, with no restrictions as to system order, number
or type of nonlinearities, or configuration. These results
make the use of sidf-based nonlinear controller design
methods substantially more effective. It is also believed
that this design approach will provide a framework for
further developments in the realm of fuzzy-logic con-
troller design for nonlinear systems.
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