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ABSTRACT
Radios operating in a slowly fading channel require adaptive com-
munication links that adjust to channel conditions that are not
always ideal. Matching a communication link’s bit rate to the chan-
nel conditions is critical to maximize throughput. A fractional-
bits per symbol communication systems is discussed as a possible
method to better adapt to channel conditions. Sequences of con-
stellations containing non-powers-of-2-points are used to facili-
tate the fractional-bits per symbol system and create multi-symbol
waveforms. Equations governing sequences are described. Mapping
schemes are explored as a method of mapping waveforms to bi-
nary strings. The relationship between sequence properties, length,
number of points, and waveform utilization efficiency, are shown
to affect the bit error rate.
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1 INTRODUCTION
When designing radio links for use on a satellite, designers gen-
erally use the worst-case link scenario in link budget calculations
to ensure that the link operates under all conditions at a specified
rate. For satellite links that do not experience significant fading this
is acceptable, however for satellites that do experience fading this
results in inefficient communication links. Fading can be caused
by changing distance between the transmitter and receiver, rain,
scintillation, multipath, humidity, temperature variations, increased
noise from nearby transmitters, or other natural or man-made phe-
nomena [11].

In the case of satellites in a low-earth orbit (LEO), a major fading
event occurs during every pass over a ground station (GS). The
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fading event occurs because the orbital period of the satellite is
not the same as the Earth’s rotational period which results in a
dramatic change in distance between the satellite and the GS. With
LEO satellites becoming more common, determining how radios on-
board these satellites overcome fading while maintaining efficient
radio links is a major design decision [7, 9, 13].

For the CubeSat VIOLET, a satellite in the nanosatellite (1-10 kg)
category built by CubeSat New Brunswick (CNB), the range be-
tween the spacecraft and the GS will be approximately 400 km to
2400 km. VIOLET is an energy, power, and computational resource
constrained satellite and requires a low-power and computationally
inexpensive communication system that radiates into the S band.
An additional challenge for VIOLET’s communication system is
the amount of data that the two science missions on-board VIO-
LET generate to be downloaded each day. The first mission, GNSS
Receiver for Ionospheric and Position Studies (GRIPS), will use a
Global Navigation Satellite System (GNSS) receiver to record raw
multi-constellation, multi-frequency GNSS observations. The sec-
ond mission, Spectral Airglow Structure Imager (SASI), will take
images of the airglow produced within the ionosphere from the pho-
ton emission of atomic oxygen at 630 nm. Together, these missions
produce approximately 500 MB of data per day.

One method of overcoming the fading effects is to apply an error
correcting code that has the ability to adjust the amount of error
correcting information in the transmission [10]. An example of this
is a system using punctured codes to adapt the coding rate to the
channel conditions [12]. This approach is powerful at combating
fading at the expense of more computation resources than uncoded
communication systems. A different approach changes the selected
constellation based on current channel conditions [4]. An example
system using a phase-shift keying (PSK) modulation scheme might
select between binary PSK (BPSK), quadrature PSK (QPSK), and
8-PSK. This system can also adapts to channel fading but it is not al-
ways possible to select a constellation that best matches the channel
conditions. Still, other systems combine these two techniques [1, 2].

To improve the ability to match the bit-rate to the channel con-
ditions with a computationally inexpensive and low-power system,
this paper introduces a communication system that uses constella-
tions that contain a number of points that are non-powers-of-two.
This creates fractional-bits per symbol. Previously, a description of
constellations containing non-powers-of-two numbers of points
has been presented but no implementation method has been pro-
vided [8]. To achieve fractional-bits per symbol, sequences are
introduces which are used to facilitate a whole number of bits to
be transmitted per sequence period. Additionally, adaptive coding
and modulation (ACM) [3, 5, 6] could be used to switch between
sequences and mapping schemes using channel state information
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(CSI). This allows for the bit rate to be adjusted as the channel con-
ditions change. The use of sequences could allow for a better match
between the channel conditions and the bit rate which, in future
communication systems, could better utilize the radio spectrum
resource. The organization of this paper is as follows: section 2
introduces sequences and the implications of using them; section 3
examines bit-to-waveform mapping; section 4 introduces the simu-
lation that was developed to characterize the performance of the
fractional-bit rate systems and the simulation results; finally, in
section 5, conclusions are drawn from the results and future work
is presented.

2 SEQUENCES
Sequences are the basis for this fractional bit-rate system; they
define a whole number of symbols which are grouped together
where each element in the sequence represents the number of
constellation points that are available to be selected from during
each symbol period. The mathematical representation of a sequence
is described as:

𝑆 = [𝑠1, 𝑠2, . . . , 𝑠𝑁 ], (1)
where 𝑆 is the sequence in use and the elements describe the num-
ber of constellation points that are available during each symbol
period of 𝑆 . 𝑁 defines the length or number of symbols contained
in one sequence. Sequences do not require a specific modulation
scheme to be used during transmission but the authors propose
four basic rules for using sequences. Rule one, sequences are se-
quential, each position is in the sequence selected in the order they
appear in the sequence. Second, sequences repeat, once the end
of the sequence is reached the sequence restarts by re-selecting
the constellation at the first position. Third, sequences can require
switching between constellations from one symbol period to the
next. Fourth, it is proposed to define the bit rate of the selected
sequence not by how many bits are transmitted per symbol but
by how many are transmitted per waveform, where a waveform
is described as the unique pattern created by selecting a symbol at
each symbol period determined by the sequence. To determine the
number of bits per waveform, the number of unique waveforms
needs to be determined,

𝑊[𝑠1,𝑠2,...,𝑠𝑁 ] =
𝑁∏
𝑛=1

𝑠𝑛 . (2)

𝑊[𝑠1,𝑠2,...,𝑠𝑁 ] describes the number of unique waveforms contained
in the set𝑊𝐴 [𝑠1,𝑠2,...,𝑠𝑁 ] , where𝑊𝐴 [𝑠1,𝑠2,...,𝑠𝑁 ] is generated by ex-
panding sequence 𝑆 and is of size𝑊[𝑠1,𝑠2,...,𝑠𝑁 ] by 𝑁 .𝑊𝐴𝑖 [𝑠1,𝑠2,...,𝑠𝑁 ]
is one unique waveform located at row 𝑖 of𝑊𝐴 [𝑠1,𝑠2,...,𝑠𝑁 ] and con-
tains the symbols (𝑖, 1), (𝑖, 2), . . . (𝑖, 𝑁 ). The maximum number of
bits contained in a unique waveform is then given by:

𝑏 [𝑠1,𝑠2,...,𝑠𝑁 ] =
⌊
log2 (𝑊[𝑠1,𝑠2,...,𝑠𝑁 ] )

⌋
, (3)

where 𝑏 [𝑠1,𝑠2,...,𝑠𝑁 ] is the whole number of bits that can be trans-
mitted with a waveform generated from 𝑆 . By flooring𝑊[𝑠1,𝑠2,...,𝑠𝑁 ]
this implies that there may be more than a power of two unique
waveforms. This is true and means that some waveforms will not
be mapped. The number of waveforms that will be mapped is given
by:

𝑊 ′
[𝑠1,𝑠2,...,𝑠𝑁 ] = 2𝑏 [𝑠1,𝑠2,...,𝑠𝑁 ] . (4)

𝑊 ′
[𝑠1,𝑠2,...,𝑠𝑁 ] is used to describe length of the subset of waveforms

that will be selected from𝑊𝐴 [𝑠1,𝑠2,...,𝑠𝑁 ] by amapping process. Addi-
tionally,𝑊 ′′

[𝑠1,𝑠2,...,𝑠𝑁 ] is used to describe the number of waveforms
that will not be selected in the mapping process and is defined by:

𝑊 ′′
[𝑠1,𝑠2,...,𝑠𝑁 ] =𝑊[𝑠1,𝑠2,...,𝑠𝑁 ] −𝑊 ′

[𝑠1,𝑠2,...,𝑠𝑁 ] . (5)

The waveform utilization efficiency of a sequence, [ [𝑠1,𝑠2,...,𝑠𝑁 ] , de-
scribes what percentage of the total number of possible waveforms
is used. It is defined as:

[ [𝑠1,𝑠2,...,𝑠𝑁 ] =
𝑊 ′

[𝑠1,𝑠2,...,𝑠𝑁 ]
𝑊[𝑠1,𝑠2,...,𝑠𝑁 ]

100%. (6)

3 MAPPING
Waveformmapping is an important considerationwith this fractional-
bit rate system because, generally, 𝑊[𝑠1,𝑠2,...,𝑠𝑁 ] is not equal to
𝑊 ′

[𝑠1,𝑠2,...,𝑠𝑁 ] . This results in selecting𝑊 ′
[𝑠1,𝑠2,...,𝑠𝑁 ] waveforms out

of the total set of waveforms,𝑊𝐴 [𝑠1,𝑠2,...,𝑠𝑁 ] . The mapped subset
of waveforms through a mapping process is 𝑊𝑀 [𝑠1,𝑠2,...,𝑠𝑁 ] and
the unmapped subset of waveforms is𝑊𝑈 [𝑠1,𝑠2,...,𝑠𝑁 ] . Generally,
𝑊𝑀 [𝑠1,𝑠2,...,𝑠𝑁 ] are the indices 1 to𝑊 ′

[𝑠1,𝑠2,...,𝑠𝑁 ] of𝑊𝐴 [𝑠1,𝑠2,...,𝑠𝑁 ]
and𝑊𝑈 [𝑠1,𝑠2,...,𝑠𝑁 ] are indices𝑊 ′

[𝑠1,𝑠2,...,𝑠𝑁 ] + 1 to𝑊[𝑠1,𝑠2,...,𝑠𝑁 ] of
𝑊𝐴 [𝑠1,𝑠2,...,𝑠𝑁 ] .

Two mapping schemes are proposed with each scheme being of
varying complexity and optimization. The two mapping schemes
are linear and random mapping. It is noted that these mapping
schemes are by-no-means the onlymapping schemes. Other schemes
are possible and some may be capable of better performance with
relatively low computational complexity. The result of the mapping
process is two lookup tables (LUT). One LUT is called the TX LUT,
located at the transmitter, and the other is called the RX LUT, located
at the receiver. The TX LUT is used to convert binary strings into the
waveforms used for transmissions and is of size 1 by𝑊[𝑠1,𝑠2,...,𝑠𝑁 ] .
The RX LUT is used to demap the receivedwaveforms back to binary
strings once received and is of size 𝑏 [𝑠1,𝑠2,...,𝑠𝑁 ] + 1 by𝑊[𝑠1,𝑠2,...,𝑠𝑁 ]
matrix. After the RX LUT generation is complete, the RX LUT
is truncated to a 𝑏 [𝑠1,𝑠2,...,𝑠𝑁 ] by𝑊[𝑠1,𝑠2,...,𝑠𝑁 ] . The advantage of
this method is that the mapping process is performed before the
system is used and therefore the task of generating the LUTs is
not performed by the communication system. The communication
system only needs to use the LUT during operation. Examples of
these LUTs are provided by Table 1 and Table 2 using decimals to
represent binary strings.

Table 1: Example of a TX LUT

TX LUT for Sequence [3 4]
Index 1 2 3 4 5 6
𝑊𝐴 [3,4] 𝑊𝐴1 𝑊𝐴2 𝑊𝐴3 𝑊𝐴4 𝑊𝐴5 𝑊𝐴6
Index 7 8 9 10 11 12
𝑊𝐴 [3,4] 𝑊𝐴7 𝑊𝐴8 𝑊𝐴9 𝑊𝐴10 𝑊𝐴11 𝑊𝐴12

3.1 Linear
A linear mapping scheme is the simplest mapping scheme. It re-
quires little computational complexity and therefore a simplified
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Table 2: Example of a RX LUT

RX LUT for Sequence [3 4]
Index 𝑊𝐴1 𝑊𝐴2 𝑊𝐴3 𝑊𝐴4 𝑊𝐴5 𝑊𝐴6
Data D1 D2 D3 D4 D5 D6
Index 𝑊𝐴7 𝑊𝐴8 𝑊𝐴9 𝑊𝐴10 𝑊𝐴111 𝑊𝐴12
Data D7 D8 D9 D10 D11 D12

LUT generation. To perform linear mapping, the TX LUT and RX
LUT can be generated in parallel and both are length𝑊[𝑠1,𝑠2,...,𝑠𝑁 ] .
For generation of the TX LUT, indices of the TX LUT are the deci-
mal representation, plus one, of the binary data to be sent and the
numbers stored at each index is the waveform used to represent
that binary string. To perform linear mapping of the TX LUT, the
first index is mapped to the first waveform,𝑊𝐴1[𝑠1,𝑠2,...,𝑠𝑁 ] , in the
set of𝑊𝐴 [𝑠1,𝑠2,...,𝑠𝑁 ] , the second index is mapped to the second
waveform,𝑊𝐴2[𝑠1,𝑠2,...,𝑠𝑁 ] , and so on until index𝑊[𝑠1,𝑠2,...,𝑠𝑁 ] is
mapped to the waveform at position𝑊[𝑠1,𝑠2,...,𝑠𝑁 ] . The process is
repeated for the RX LUT but the indices the RX LUT represents
the received waveform and values contained in the RX LUT are the
binary values of the data that was transmitted. To perform linear
mapping of the RX LUT, the first index is mapped to the binary
string 𝐷1, the second index is mapped to 𝐷2, and so on until index
𝑊[𝑠1,𝑠2,...,𝑠𝑁 ] is mapped to the binary string 𝐷𝑊 . The valid sub-
set,𝑊𝑀 [𝑠1,𝑠2,...,𝑠𝑁 ] , occurs in the range of indices 1 to𝑊 ′

[𝑠1,𝑠2,...,𝑠𝑁 ]
and invalid subset 𝑊𝑈 [𝑠1,𝑠2,...,𝑠𝑁 ] occurs in the range of indices
𝑊 ′

[𝑠1,𝑠2,...,𝑠𝑁 ] + 1 to𝑊[𝑠1,𝑠2,...,𝑠𝑁 ] of𝑊𝐴 [𝑠1,𝑠2,...,𝑠𝑁 ] . A disadvantage
of this mapping scheme is that constellation points at certain posi-
tions of the sequence may not have an equal probability compared
to other constellation points. An example of this is with the se-
quence [3 3 3]. Waveform𝑊𝐴1[3,3,3] or [0 0 0] will be mapped to
index 1, waveform [0 0 1] will be mapped to index 2, waveform
[0 0 2] will be mapped to index 3, waveform [0 1 0] will be mapped
to index 4 and so on till waveform [2 2 2] is mapped to index 27.
The last valid waveform is located at index𝑊 ′

[3,3,3] of𝑊[3,3,3] and
is waveform [1 2 0]. It results in 𝑠1 of only using symbols 0 and 1
during operation. As a result, symbols at position 𝑠1 do not have
the equal probabilities. Symbols may still appear as symbol 2 at
the receiver but only when errors occur. A problem arises when a
waveform is received from the subset of𝑊𝑈 [𝑠1,𝑠2,...,𝑠𝑁 ] . When this
occurs, an incorrect bit string will be received and bit errors result.

3.2 Random
Similar to linear mapping, random mapping requires little com-
putation complexity, however it overcomes the problem of equal
probability of constellation points at all sequence positions. To
perform random mapping, either the TX LUT is generated then
converted to the RX LUT or vice versa. To perform random map-
ping by first generating the TX LUT, the mapping process assigns
the values of 1 to𝑊[𝑠1,𝑠2,...,𝑠𝑁 ] randomly to indices in the TX LUT.
In an example where 𝑆 = [3, 3, 3], index 1 of the TX LUT might be
mapped to waveform [1 0 2], index 2 might be mapped to waveform
[0 2 1], index 3 might be mapped to [0 1 1], and so on. The TX LUT
then contains valid waveforms within indices 1 to𝑊 ′

[𝑠1,𝑠2,...,𝑠𝑁 ] and
non-valid waveformswithin indices𝑊 ′

[𝑠1,𝑠2,...,𝑠𝑁 ]+1 to𝑊[𝑠1,𝑠2,...,𝑠𝑁 ] .

To generate the RX LUT from the TX LUT, a search is performed
on the values in the TX LUT to find which waveform is mapped to
each binary value. The binary vales are copied back to the RX LUT.
This mapping process generally, overcomes issues with linear map-
ping and non-equal probability symbols. A problem arises when a
waveform is received from the subset of𝑊𝑈 [𝑠1,𝑠2,...,𝑠𝑁 ] . When this
occurs, an incorrect bit string will be received and bit errors result.

4 SIMULATION
A Monte-Carlo simulation has been created in MATLAB® to de-
termine the bit error rate (BER) of the fractional-bit rate system
using various sequences. Simulations were run to determine the
effects of changing the number of points at a given position in
the sequence, sequence length, and waveform utilization efficiency.
Additionally, the performance of this fractional-bit rate system
was compared to traditional, non-fractional-bit rate communica-
tion systems. For each simulation, a minimum of 1000 bit errors
were counted. The non-fractional and fractional communication
system simulations use the phase-shift keying modulation scheme.
The non-fractional system uses BPSK, QPSK, and 8-PSK constella-
tions. The fractional system uses a PSK constellation containing
two through eight points. These constellations contain all points
on a unit circle with radius one. The angle between the positive
real-axis and the point is defined using this equation:

∠𝐶𝑝 =
𝑝 360◦

𝑃
, (7)

where𝐶𝑝 is the constellation point in question, 𝑝 is the index of the
point counted from a counter-clockwise angle between the positive
real axis, and 𝑃 is the total number of points within the constellation.
Finally, to calculate the signal-to-noise ratio (SNR), the number of
bits per symbol must be calculated. For a non-fractional-bit rate
system, the number of bits per symbol is given by:

𝐵 = log2 (𝑃), (8)

where 𝐵 is the number of bits per symbol and 𝑃 is the number of
points in the constellation. For a fractional-bit rate system, two def-
initions of how much information is transmitted in one waveform
period could be used. The first method gives the actual number of
bits per symbol given by:

𝐵 =
𝑏 [𝑠1,𝑠2,...,𝑠𝑁 ]

𝑁
. (9)

The second method gives the theoretical number of bits per symbol
given by:

𝐵 =
log2 (𝑊[𝑠1,𝑠2,...,𝑠𝑁 ] )

𝑁
. (10)

In Komo et. al, method two is used for this calculation, however in
this paper, method one is used.

4.1 Mappings
Figure 1 shows the simulations results of comparing the linear and
random mapping schemes. Both mapping scheme performed sim-
ilarly, however the randomly mapped is better at creating equal
probabilities for all symbols. As a result, the remainder of the simu-
lations were run utilizing the random mapping scheme.
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Figure 1: Mapping Scheme Comparison

2 4 6 8 10 12

SNR (dB)

10 -5

10 -4

10 -3

10 -2

10 -1

B
E

R

[222]

[333]

[444]

[555]

[666]

[777]

[888]

Figure 2: Number of Constellation Points Comparison

4.2 Number of Points
Figure 2 displays the simulation results of comparing length 3 se-
quences with varying numbers of points within their constellations.
The results of the BER versus SNR curves show the expected result
that as the number of points in the constellation increases so do
the SNR requirements for each new sequence.

4.3 Sequence Length
Figure 3 displays the simulation results of comparing the BER curves
found by changing the sequence length of three base sequences,
[3 3 3], [5 5 5], and [7 7 7] from length 3, to length 5, and to length 7.
The plots show that at low BERs, longer length sequences perform
worse then their shorter counterparts. As the SNR improves, longer
sequence began to lose bit errors faster than the shorter length
sequences.

4.4 Sequence Efficiency
Figure 4 shows the simulation results of six sequences and the
effect that the waveform utilization efficiency has on a sequences
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Figure 3: Sequence Length Comparison
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Figure 4: Sequence Efficiency Comparison

performance. Waveform utilization efficiencies are presented in the
legend of the figure.

4.5 Fractional Versus Non-fractional
Communication System

Figure 5 shows the simulation results of comparing a traditional
communication system. The fractional-bit rate system uses se-
quences of varying number of points within their constellations,
but all sequences are of length 2. These results show that between
communication systems using QPSK and 8-PSK, the sequences [5 5]
and [6 6] are viable. However, the sequence [5 5] transmits a num-
ber of bits per waveform period of 𝑏 [5,5] = 4 which has the same
number of bits as two QPSK symbols. This means that QPSK per-
forms better then the [5 5] sequence and leaves the [6 6] sequence
as a viable choice.
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4.6 Throughput
VIOLET is expected to be in communication range of the GS for
approximately 30 minutes per day. To compare the throughput of
non-fractional and fractional systems, three systems have been cal-
culated in an orbit similar to VIOLET’s. The first is a non-fractional
static (NS) communication system that uses QPSK. The second is
a non-fractional adaptive system (NA), that can pick either QPSK,
or 8-PSK depending on the CSI. The third system is a fractional
adaptive system (FA) that can pick between QPSK, the sequence
[6 6], or 8-PSK depending on the CSI. The assumptions made for
this calculation are: an average pass over a GS in Fredericton using
the International Space Station’s orbit, a symbol rate of 1 Msymbol
per second, a maximum BER of 10−4, no other fading sources exist,
CSI is perfect and delay-free, the communication system transmits
continuously, and the time to change modulation schemes is small
and therefore is not noticeable. Table 3 shows the results of compar-

Table 3: Throughput of Various Communication Systems

System bits per NS NS NA NA FA FA
symbol (s) (Mb) (s) (Mb) (s) (Mb)

QPSK 2 323 646 152 304 109 218
𝑆 = [6 6] 2.5 - - - - 43 108
8-PSK 3 - - 171 513 171 513
Total - 323 646 323 817 323 839

ing three communications systems. The best performing system is
the fractional-bit rate system but only by a small margin compared
to the non-fractional-bit rate adaptive system.

5 CONCLUSION
In this paper, a fractional-bit per symbol communication system
was introduced. It uses sequences and a mapping scheme to map
binary strings to waveforms rather than mapping binary strings
to individual symbols as is done in traditional, non-fractional-bit
rate communication systems. Two mapping schemes, linear and

random were introduced and their characteristics were discussed.
A simulation was constructed which allowed for the performance
of some sequences available in the fractional-bit per symbol system
to be explored. These results were used to determine the effect
that certain properties, sequence length, number of points, and the
waveform utilization efficiency, have on candidate sequences. The
fractional-bit per symbol communication systemwas also compared
against a traditional communication system.

In the future, more mapping schemes should be explored that
exploit the set of available waveforms to a greater extent, different
decision techniques should be examined, and a physical system
should be developed to corroborate the results presented here.
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